Fundamental Graph Theory Homework (III)
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. Prove that v(Kg) = 1.

Find a 2-cell embedding of Ky on surface such that the
embedding has exactly one region.

Prove that for p > 3, y(K,) > (%} and for m,n > 2,
V(Komn) > [,

Let G be embedded on a surface with genus v(G) and r
regions. Prove that p—q+1r =2—-2v(G). (p = |V(G)| and
¢=|E(G)])

Find a 2-cell embedding of K, 5 on Ss.

Explain why a disconnected graph can not have a 2-cell
embedding.

Define 6, (G) = min{n| G can be decomposed into n planar
graphs}. Prove that ¢;(Kj0) = 3. (Find a lower bound for
6,(G) first.)

Determine 60 (Kgg).

Prove that a graph G is of chromatic number 2 if and only
if G contains no odd cycles.

Find a graph G which contains no K3’s but x(G) = 5.
Prove that x(G) < A(G) + 1.

Let G be a graph which is not an odd cycle or a complete
graph. Then, prove that x(G) < A(G).

Let G be a planar graph. Prove that y(G) < 5.
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Let x(G; k) denote the number of different vertex colorings
of G with k colors. Prove that

(a) if T is a tree with p vertices, then x(G; k) = k(k—1)P~1;
and

(b) x(G; k) = x(G—e; k)—x(G-e; k) where G-e is the graph
obtained by contracting the edge e into one vertex.

Prove that x(G;k) is a (degree |V(G)|) polynomial with
indeterminate k, moreover, the second highest degree term
has coefficient —|E(G)|.

Let w(G) be the clique number of G. Prove that if G is an
interval graph, then x(G) = w(G).

Prove that x/(Ks,,) = 2m — 1 and x'(Kapy1) = 2m + 1.
Prove that x'(G) < 3A(G).

A graph G is overfull if |E(G)| > A(G) - L@j Prove
that if G is overfull, then x'(G) > A(G).

Prove that K, is of class 1 if and only if K, is not
overfull.

Prove that if G is a graph with (”;l) edges and A(G) < 3,
then G can be decomposed into n graphs Gy,Gs, -+, G,
where G;,7 =1,2,---,n, is a matching with 7 edges.

Let P be the Petersen graph. Prove that x'(P) = 4.

If G is a regular graph with an odd number of vertices, then

prove that x'(G) > A(G).

Let x"(G) denote the total chromatic number of G. Prove
that x"(Kom) = X"(Kom+1) = 2m + 2 and X"(K,m) =
m + 2.

Prove that x"(Kp,,) = A(Kp,) + 1 if and only if m # n.
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Let T be a tree. Find x"(T).
Find a graph G such that x"(G) = X'(G)+1 = x(G)+2 = 5.

A labeling ¢ of a graph G is called a prime labeling if
(p(u),p(v)) = 1 whenever uv € E(G). Prove that every
caterpillar has a prime labeling.

Prove or disprove that (), has a prime labeling.

Prove of disprove P,, X P, has a prime labeling.



